ON 0 HOMOTOPY FORMULAE FOR PRODUCT DOMAINS:
NIJENHUIS-WOOLF’S FORMULAE AND OPTIMAL SOBOLEV ESTIMATES

LIDING YAO AND YUAN ZHANG

ABSTRACT. We construct homotopy formulae f = 0H,f + Hqe+10f for (0,q) forms on the product
domain Q1 x - - x Q,,, where each Q; is either a bounded Lipschitz domain in C', a bounded strongly
pseudoconvex domain with C? boundary, or a smooth convex domain of finite type. Such homo-
topy operators H, yield solutions to the 0 equation with optimal Sobolev regularity wkp 5 Wwhe
simultaneously for all K € Z and 1 < p < oo.

1. INTRODUCTION
The goal of this paper is to prove the following:

Theorem 1. Let Q; C C" be a bounded Lipschitz domain for each j = 1,...,m, with m > 1, such
that one of the following holds.
e Q; C Cis a planar domain (i.e. nj =1).
o ); is strongly pseudoconvex with C? boundary or strongly C-linearly convez with C*' boundary.
e () is a smooth convexr domain of finite type.

Let Q= Qyx- - xQp, andn := 371" nj. Then there exist linear operators P = P 7(Q) = Q)
and Hq = ”Hf} (A9 — (A% for 1 < g < n, such that

(i) f=Pf +H10f for all f € L' (Q); and f = IHyf + Hyr10f for all f € ' (Q;A\09).
ii) We have Sobolev estimates P : WEP(Q) — WEP(Q) and H, : WEP(Q; A7) — WHEP(Q; A04—1
q
forallk € Z and 1 < p < oo.

Here .7/ (£2) is the space of distributions on 2 which admit extension to distributions on C", W*?()
is the Sobolev space on Q with & € Z and 1 < p < oo, and .7/(€; A%9) (vesp. WFP(Q; A%9)) is the
space of degree (0,q) forms with coefficients in .7/(Q2) (resp. W*P(Q)). See Notation 4, Definition 5
and Convention 13 for the precise definitions. We note that (/Hq)gzl do not possess optimal Holder
estimates. See Remark 28.

As an immediate consequence of Theorem 1 we obtain a solution operator to the 0 equation on
product domains for any (0, ¢) forms with ¢ > 1, together with the associated Sobolev estimate. Note
that in view of a Kerzman-type example (see, e.g. [Zha24, Example 1]) the Sobolev regularity is sharp.

Corollary 2. Let Q C C" be given as in Theorem 1. Let 1 < q < n. For every (0,q)-form f on Q
whose coefficients are extendable distributions such that Of = 0 in the sense of distributions, there is
a (0,q — 1) form u on Q whose coefficients are also extendable distributions, such that Ou = f.

Moreover, for every k € Z and 1 < p < oo there is a constant C > 0, such that if the coefficients of
f are in WP, then we can choose u whose coefficients are in WP, with the estimate

||UHWW(Q;/\0,4—1) < C”f”wkm(ﬂ;/\oﬁq)-

The 0 homotopy formulae play an essential role in studying the 0 problem and have been extensively
developed of pseudoconvex domains with certain finite type conditions, using the 9-Neumann approach
(e.g. [GST7, FK88, Chag9, CNS92]) and the integral representation approach (e.g. [LR30, Ran90,
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2 SOBOLEV ESTIMATES ON PRODUCT DOMAINS

DEEF99, Gonl9]). We refer the readers to [Ran90, CS01, LM02] for more details. Product domains,
owing to their particular structure, fail to have ﬁnlte type7 and merely admit Lipschitz boundary
regularity.

The study of the d problem on product domains was initiated by the work of Henkin [Hen71],
who established L™ estimates for the @ equation on the bidisk with continuous coefficients using
an integral representation by the Cauchy kernel. Landucci [Lan75] later proved an analogous result
for the canonical solutions. Since the work of Chen-McNeal [CM20b] on weighted LP estimates for
product domains in C2, there has been much progress towards the optimal LP estimates for (0,1)
forms on Cartesian products of general planar domains. The important case p = oo for (0,1) forms
(on planar domains) without weights is also called the Kerzman’s supnorm estimate problem, posted
by Kerzman [Ker71] in 1971. The optimal L> estimate was first given by Fassina-Pan [FP24] for
forms with C"~1¢ coefficients. Later Dong-Pan-Zhang [DP720] extended this result to the canonical
solutions for continuous data. Finally, Kerzman’s problem was completely solved recently by Yuan
[Yua22] on products of C? planar domains based on [DPZ20], and Li [L.i24] on products of C1® planar
domains independently. Subsequently Li-Long-Luo [LLLL.24] further relaxed the boundary regularity of
each Q; to be Lipschitz. The Sobolev regularity of d was first investigated by Chakrabarti-Shaw [C'S11]
for the canonical solutions with respect to (0,1) forms on products of certain smooth pseudoconvex
domains. In particular, the optimal W*? k > 1 regularity was obtained for products of smooth planar
domains in C? by Jin-Yuan [JY20] and in C* by Zhang [Zha24]. See also [Jaks6, DLT23, CNM20a, PZ25]
and the references therein.

In comparison to those results, our theorem allows each factor 2; C C™ to be non-planar (i.e. we
allow n; > 1). Such product domains were previously studied in [J ,11\(\0 CS11, CM20a] for (0,1) forms
in certain special Sobolev spaces that are strictly smaller than the standard ones and 1nvolve a loss of
derivatives. In the special case of planar product domains, we obtain Sobolev estimates assuming that
each factor 2; to be merely Lipschitz, which extends the L” — L? estimate from [LLL.1.24]. Meanwhile,
we show the existence of d-solutions on space of distributions, a result that is novel even for polydisks.
Previously the similar solvability on distributions (with large orders) were only known for strongly
pseudoconvex domains by Shi-Yao [SY24b] and Yao [Yao24b] and for convex domains of finite type
by Yao [Yao24a]. Moreover, we derive the optimal estimates for general (0,q) forms with all ¢ > 1.
To the authors’ best knowledge, for the case ¢ > 2, the only previously established result for optimal
0 estimate on product domains is the L? — L? estimate, which follows directly from Hoérmander’s
classical L?-theory. In particular, the LP-boundedness for p # 2 remains open for the canonical
solutions on (0, ¢) forms even on polydisk.

Our construction of the homotopy operators is inspired from Nijenhuis-Woolf’s formulae in [NW63,
(2.2.2)] for products of planar domains, see Theorem 18 and Remark 23. For estimates we use the
so-called Fubini decomposition of Sobolev spaces, see Proposition 10.

In fact, the proof yields homotopy formulae and the corresponding operator estimates on a consider-
ably larger class of product domains, provided that each factor domain admits its homotopy formulae
and regularity estimates. To be precise, the following is the conditional result:

Theorem 3. Let Q; C C" be a bounded Lipschitz domain for each j = 1,...,m, withm > 1. Suppose
there exist linear homotopy operators H;)j : O (ST NOO) — G'(Q; N1 for 1 < g < nj, such that
the following homotopy formulae hold (we set H 2 1 =0):

(1) f=0H f+ q+18f for all  f € C™(Q;; ™), 1<q<n;.

Let Q:= Q1 x --- x Qp andn::Z] 1 1. Then

(i) there exist linear operators Hg = HiE : C( A7) — /(i A%7Y) for 1 < q < n, such that

(2) f=0Hyf +Hy10f forall feC® N9,
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Further, set the skew Bergman projections P4 : C®(Q;) — 2'(Q;) for 1 < j < m by P4 f :=
F—H0f for f € C> (), and P =P : C®(Q) — 2'(Q) by Pf := f — Hf for f € C=(Q).
(7i) Suppose there exists some k € Z and 1 < p < oo, such that for 1 < j <m and 1 < ¢ < n;,
P% and H(?j are both defined and bounded

(3) PY WP (Q;) — WHP(Qy); H;)j WP (€ AT) — WP (Qy; AT forl=0,k.
Then P and H, (1 < q < n) obtained in (i) admit Sobolev estimates P : WEP(Q) — WkP(Q)
and Hy : WEP(Q; AOO) — WHEP(Q; A%971) as well.

For the precise formulation of H® using (H®% )7L1, see Remarks 20 and 23.

2. SOBOLEV SPACES AND FUBINI PROPERTY
In this section, we give the precise definition for the function space W¥*P, and discuss a Fubini
property for Sobolev norms on product domains.

Notation 4. Let .#’(R") be the space of tempered distributions. For a bounded open subset U C RN,
we denote by 2’(U) the space of distributions in U, by .7/(U) = {f|y : f € #/(R")} the space of
extendable distributions in U, and by &”’(U) the space of distributions with compact supports in U.

See [Ryc99, (3.1) and Proposition 3.1] for an equivalent description of .#/(U). See also [Yao241b,
Lemma A.13 (ii)].

Definition 5. Let U C RY be an open subset, k € Z>g, and 1 < p < co. WHP(U) is the standard
Sobolev space with norm

/
Flweny = (30 1D 0er)

la|<k
We denote by W=FP(U) := {2 jaj<k D%9a : ga € LP(U)}, a subset of distributions, with norm
' 1/p o o
4) 1 lw-soy = mE { (D Ngallfnq) i f = D D9 as distributions}.
loo| <k lo| <k

Here when p = co we take the usual modification by replacing the /£ sum by the supremum.
For | € Z, we use WoP(U) € W'P(U) to be the subspace of all functions in W'P(U) that have
compact supports in U.
Remark 6. (i) For kK > 0 and 1 < p < oo, let Wég’p(U) C WHFP(U) be the closure of C°(U)
in || - [[yr.p). Then we have correspondence Wkr(U) = Wéc’pl(U)’ with equivalent norms,

where U € RY is an arbitrary domain and p’ = p/(p — 1). See e.g. [AF03, Theorem 3.12]. It
is also worth noticing that W—*2(RN) = W (RV) via e.g. [AF03, Corollary 3.23].

(ii) When U is a bounded Lipschitz domain we have ./(U) = o, WFP(U), see e.g. [Yao24b,
Lemma A.13 (ii)]. In other words if we have an operator T defined on W=5P(U) for all k > 1,
then T is defined on .7/ (U).

In order to incorporate the proof of Propositions 24, 26 and 31 we include the discussion of the
fractional Sobolev spaces as well.

Definition 7 (Sobolev-Bessel). Let s € R and 1 < p < co. We define the Bessel potential space
H*P?(RY) to be the set of all tempered distributions f € .#/(R") such that

£l s m vy :== 11 — A)%fHLP(RN) < 0.
On an open subset U C RN, define H*?(U) := {f|y : f € H*?(RN)}, with norm
£l sp vy = inf {”f”HSaP(RN) : fe HYP(RY), flu = f}.
We also define H5P(U) := {f € H*P(RY) : flge = 0} as a closed subspace of H*P(RY).
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Here we use the standard (negative) Laplacian A = Z;VZI Dfﬁj. The fractional Laplacian (Bessel

potential) can be defined via Fourier transform ((I — AY2HNE) = (1+4m2|€[2)5/2f(€), where f(€) =
o F@)e2mive.

Remark 8. Let U C RY be a bounded Lipschitz domain and 1 < p < oo.

(i) H*P(U) = WkP(U) for all k € Z with equivalent norms. See e.g. [Yao24b, Lemma A.11] for
a proof.

(ii) The complex interpolation [H*0?(U), H*'P(U)]y = HI~)s0+0s1.0(17) holds for all sg,s; € R
and 0 < 6 < 1. See e.g. [11i06, (1.372)], where in the reference H*?(U) = Z5,(U) are special
case of Triebel-Lizorkin spaces. As a result our homotopy operators in Theorem 1 are in fact

bounded H*P(U) — H*P(U) for all s e R and 1 < p < 0.

Lemma 9. Let U C RY be a bounded Lipschitz domain. There is an extension operator E : /' (U) —
&' (RN) such that E : WEP(U) — Wf’p(RN) is bounded for all k € Z and 1 < p < co. In particular
for each k and 1 < p < co we have WEP(U) = {f|y : f € WFP(RN)}.

Proof. An existence of such extension operator F is established by Rychkov [Ryc99, Theorem 4.1]. In

the reference we use the fact that WP (U) = ﬁé@(U) are Triebel-Lizorkin spaces (see e.g. [Yao241b,

Lemma A.11 (ii)]). O

Let us recall the Fubini property for Sobolev norms on product domains. This will enable a more
convenient derivation of the Sobolev estimates for the homotopy operators. Throughout the rest of
the paper, we say two quantities a and b to satisfy a < b if there exists some constant C' such that
a<Cb Wesay a~bif a <band b < a at the same time.

Proposition 10 (Fubini Property). Let U C R™ and V' C R™ be two bounded Lipschitz domains. Let
keZy and 1 <p < oco. Then

(i) WkP(U x V) = LP(U; WkP(V)) N LP(V; WFP(U)) in the sense that we have equivalent norms

Wy Sowin [ 0G0 oyt |17 gy o

provided either side is finite.
(is) W=RP(U x V) = LP(U; W=FP(V)) + LP(V; W—FP(U)) in the sense that we have equivalent
norms

p ~ : p
11y sy im0 [RGByt [ 1)y vy

provided either side is finite.

Remark 11. Here LP(U; X) can be interpreted as the space of strongly measurable functions which
take values in a Banach space X, see e.g. [HvNVW16, Section 1.2.b] for more discussion.

Essentially, Proposition 10 shows that for the Sobolev functions on the product of two domains,
the LP norm of the mixed derivatives across the two domains can be controlled by the L” norm of the
pure derivatives in each individual domain.

Proof. When U and V' are the total spaces RI' and R, respectively, the decomposition

(5) WHFP(RT x RE) = LP(RI; WRP(RD)) N LP(RE; WRP(RDY)),  k>1, 1<p<oo

is a standard result, see e.g. [Tri10, Chapter 2.5.13]. Recall from Remark 6 (i) W—5?(R") = W' (R")’
for 1 < p < o0, %—i— z% =1 and r € {m,n,m + n}, taking duality (see also [HvNV W16, Proposi-
tion 1.3.3]) we get

( WRPRE X RY) = LP(RYS WEP(RY) + LP(RY W A7 (RE))

with equivalent norms.
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(i): Now k > 0. Clearly WkP(U x V') ¢ LP(U; WFP(V)) and WFP(U x V') € LP(V; WkP(U)), both of
which are continuous embeddings. This gives W*P(U x V) C LP(U; W*»(V)) N LP(V; WFP(U)).

Conversely, let BV : .#'(U) — .#'(R™) and EV : (V) — .%'(R") be the extension operators given
in Lemma 9. Define V>V := EV @ EV such that for f(u,v) = g(u)h(v) we have (EV*V f)(u,v) =
(EYg)(u)(EV'h)(v). Clearly

EVYV = (BY ®id®") o (idV @ EV) = (id*" @ EV) o (EY ®1id"),
where (EY @idY) f(u,v) = EY(f(-,v))(u) for (u,v) € R™ x V and similarly for the rest. Therefore
we have the following boundedness

idV@EY EVid?"
_— -

VXV LP(U; WhP (V) LP(U; WEP(R™))

Similarly V%V . LP(V; WHFP(U)) — LP(R™; WFP(R™)) as well.
Therefore by (5), for every f € WFP(U x V),

LP(R™; WEP(R™)).

1f lwew@sxvy KUET™Y Fllwrw@msgny = 1EVY fllio@mowromny + N1EYY FIl Lonowrw @emy)
S e swre oy + 1l e @y)-
We conclude that (i) holds.
(ii): Clearly LP(U;W=kP(V)) ¢ W=kP(U x V) and LP(V;W=kP(U)) € W=*P(U x V) by (4). This
gives the embedding LP(U; W=kP(V)) + LP(V; W=RP(U)) C W—RP(U x V). )

Conversely, for every f € W=kP(U x V), by Lemma 9 it admits an extension f € W~ k.p (Rm X R”)
By (6) there exist fi € LP(R7: W *P(R")) and fo € LP(R%; W *P(R™)) such that f = fi + fo.
Taking restrictions we get the existence of the decomposition f = fi1 + fo where f; := f1|U><V €
LP(U;WRP(V)) and fy := fo € LP(V; WRP(U)).

Now for given f € WFP(U x V), let f; € LP(U;W~5P(V)) and fo € LP(V;W—5P(U)) be arbitrary
functions such that f; + fo = f, which exist from above. Thus

[ fllw—rr@xvy = lfillw—rp@xvy + | follw-—rr@wxvy S I fille@w-reqy) + 12l e w—rr@y)-

Therefore by taking infimum over the decomposition fi; 4+ fo = f we conclude that

sy 0 / 1200 Myt [ 10y

That is, W=FP(U x V) C LP(U; W=FP(V)) + LP(V; W=FP(U)), completing the proof of (ii). O

Corollary 12. Let U C R™,V C R” be two bounded Lipschitz domains, and k € Z, 1 < p < oco. Let
T : LP(U) — LP(U) be a bounded linear operator that extends to a bounded linear map T : WEP(U) —
WHFP(U). Defines T : LP(U x V) — LP(U x V) by acting T on the coordinate component of U, i.e.
T f(u,v) :=T(f(-,v))(u). Then T : WEP(U x V) — WHFP(U x V) is defined and bounded.

Here we are indeed using 7 =T ®id". See also Convention 17.

Proof. The definition 7D, = D, T and the property LP(U; LP(V)) = LP(V;LP(U)) ensure that T :
LP(U;WRP(V)) — LP(U; W P(V)). The boundedness T : LP(V: WEP(U)) — LP(V: WEP(U)) is a
direct consequence of that of 7' : W*P(U) — WHP(U). The W*P(U x V) — WH*P(U x V) bound of
T then follows from Proposition 10. O

3. NIJENHUIS-WOOLF FORMULAE AND THE PROOF OF THEOREM 3

In this section, we shall construct homotopy formulae on product domains making use of an idea in
[NW63]. This together with Proposition 10 allows us to prove Theorem 3.

First we introduce some notations and conventions for linear operators defined on forms (of mixed
degrees), which will be used to facilitate our proof.
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Convention 13 (Spaces on forms). Let 2~ € {./,2',C® WP HP .k € Z,s € R,1 < p < oo} and
let U CC". For 1 < q<n weuse Z (U; A\") the space of (0,q) forms f(¢) = > \l=q f1(¢Q)d¢! where
fre ZU) forall I. If 27 € {WFP H*P} then we use the norm [ f L2 @in0ay = 220124 1 f 1122 @)
Denote by 2 (U; A\%*) = D=0 2 (U; A%4) for forms of mixed degrees.

We adopt the following convention to extend an operator originally defined on forms of a single
degree to one on forms of mixed degrees.

Convention 14 (Operators on mixed degree forms). Let U
(S, G, C® Wk HPY, We identify a linear operator S : 27 (U;
% (U; A%®) by setting S(frdCy) = 0if |J| # q.

For a family of operators (T,)7_, where each T is defined on (0,q) forms, we use T = 3 °0 (T,
to denote the corresponding operator on mixed degree forms. Namely, for a form f(z) = ZZ:O fq(2)
where f;(z) is of degree (0, q), we define T'f = 3"0_( Ty fy-

C", 0 <gqr <nand Z.,% €

C
A — 7 (U; \9)as S+ 27(U; AY*) —

Remark 15. Under this convention, we can rewrite the homotopy formulae in Theorems 1 and 3 as a
single formula (here we use Ho = Hp4+1 = 0)

f=Pf+0Hf+HOf, for fe. 7 (A, where H =3, H

Remark 16. For an operator S defined on functions, namely, with ¢ = r = 0 in Convention 14,
one extends S on differential forms by taking zero value on (0, ¢q) forms when ¢ > 1. In the paper
not all the operators on functions follow this convention. For example for an extension operator
E: 2 (U) — 2 (C") we define it on forms by acting on components, i.e. (Ef)(z) = > (Efr)(z)dz!

Next, we extend operators originally defined on slices to the entire product domain using the
following convention.

Convention 17 (Operator on product domains). Let U C C™ and V C C" be two open sets,
endowed with standard coordinate system z = (z!,...,2™) and ¢ = (¢!,...,(") respectively. For a
linear operator TV : 27 (U; A%*) — % (U; A\%*), we denote TV for the associated operator TV @ id"
on (0, e) forms defined on U x V by setting

(7) TY(wAdlE)(2,¢) =TV (w(-, ) (2) AdCE,  where w(z,¢) = Zwl (2,¢)d

In particular, if we write TV (Y gsdz”’) =: ZLJ(TIUJgI)dEJ where TV, : 2°(U) — % (U) are linear
operators on functions, then for a form f(z,¢) = >_; ;¢ frr (2, ¢)dz’ A dCK,
(TUN(=0) = > ATH i O} (z)dz" nal, zeU, (eV.
1,J,K
Motivated by a one-dimensional analogue in [N'W63, (2.2.2) - (2.2.5)], we deduce our homotopy

formulae making use of the following product-type configuration. See also Remark 20.

Theorem 18 (Product homotopy formulae). Let U C C" and V' C C"V be two open subsets. Suppose
for each W € {U,V'}, there exist continuous linear operators HW Co(W; A\ — 9/ (W; A%=1) for

1 < q < nw, such that the following homotopy formulae hold (HY w1 =0 as usual) for 1 <q <nwy:
(8) f=0HYf+HN,0f foral feC®W;A™).

Set PW f .= f — HVOf for functions f € C=(W).

(i) Then we have homotopy formulae f = PYXV f LOHUXV f+HUXV IS for f € C°(TU x V;A\0*),
where (see Conventions 14 and 17)

(9) PUXV pr o PV PU ® PV, HUXV HU + pr o HV HU ® ldV + PU ® HV.
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(ii) Let k € Z and 1 < p < oo. Suppose further that U and V are bounded Lipschitz do-
mains, PY, HU : WP(U; \O*) — WEP(U; A%®) and HY : WEP(V; A0®) — WEP(V; A0 are
all defined and bounded for 1 € {0,k}, then HU*V given in (9) are defined and bounded in
WHEP(U x V3 A0%) 5 WEP(U x Vi A% as well.

If in addition PV : W'P(V) — WP(V) is bounded for 1 € {0,k}, then PY*V . WkP(U x
V) = WHEP(U x V) is bounded as well.

Remark 19. It is worth pointing out that the original formulae of Nijenhuis-Woolf in [NW63] are
restricted to products of planar domains. Under their settings the H% operators (denoted by T7 in
the reference) are the solid Cauchy integral over ;. In their notation the operators are defined on
functions rather than (0,1) forms. Moreover, even in the case when each ; is smooth, while H
there satisfies the desired W*P regularity for k& > 0 (see, for instance, [P725, Proposition 3.1] with
p = 1 there), their P% operators (denoted by S7 in the reference), which are given by the boundary
Cauchy integrals over b€);, do not yield well-defined or bounded mappings on the L? space as required
in Theorem 18 (ii). In Proposition 24 in the next section, we shall introduce a slightly different choice
of homotopy operators to overcome this issue.

Remark 20 (Formulae with separated degrees). Let z = (21,...,2") and ¢ = (¢!,...,¢{") be stan-
dard coordinate systems for C"V and C"V, respectively. For 0 < j < ny and 0 < k < ny, let us define
the standard projection 7;y of forms by

mikf = Z fJdeJ A\ dC_K, for every f = Z fJKd,?J A dEK.
|J|=7,|K|=k JCA1,..,nu }, K<{1,...,ny }
We have f = Z?go dorlomikf and >0 mikf is the degree (0,¢) components of f.
Under this notation, and Conventions 14 and 17, we can write ’HgXV in (9) for 1 < ¢ <ny+ny as

HIYV =HY o ( Z 7Tj,k> +PVoHY o ( Z Wj,k>
Jt+k=q Jtk=q
q q
= Z’HJU O Tjq—i + PYo ’H}]/ 0 My,g = Z(HJU ® idv) O Mjqg—j + (PU ® H;/) 0 0,q-
Jj=1 J=1
Note that the formula (9) is asymmetric. Namely, if we swap U and V, the homotopy operators in (9)
are not the same.

Remark 21. Tt is important that U and V in the assumption are at most Lipschitz. In the proof of
Theorem 1 and 3 we use induction with U = 0 x --- X Q,,_1 and V = Q,,,. However, even for two
smooth domains, the boundary regularity of their product is merely Lipschitz.

In contrast, Theorem 18 (ii) remains true for non-Lipschitz domains U and V if the analogy of
Proposition 10 holds for such U and V. A typical example is the Hartogs triangle, which is a non-
Lipschitz but uniform domain due to [BFLS22].

To prove Theorem 18, we let z = (2%,...,2"0) and ¢ = (Cl,;. ,C™) be the standard coordinate
systems for C™U and C™V, respectively. We denote by 0, = Z?gl 07 /\% and d¢ =YYV, 0C k/\% the

O-operators of the 2-component and the (-component, respective. Note that on the product domain
UxV we have 0 = 0, ¢ := 0, + 0.
The key computation is the following (cf. [NW63, (2.1.1) - (2.1.3)]):

Lemma 22. Keeping the notations as above and as in Theorem 18, on U x V we have

(10) 0,PY =PYd, ¢, 0, PV =PY0,c, OHY=-HYO:, 0O.H =-1"0,.
Moreover,
(11) OHY +HYO=id-PY, OHV+HYO=id-PY,

provided that the operators on both sides of the equalities are defined.
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Proof. Recall that PV = idg — HY 0, is a projection for functions on U to holomorphic functions on
U. Therefore 9,PY = 0. Since PY vanishes on (0,q) forms when ¢ > 1, we get PU9, = 0. Together
by Convention 17 we have 9,PY = PY0, = 0. Since PV only acts on z-variable, using (7) as well we
get 9PV = PYQ,. Together we have 9, CPU PY9, . The same argument yields 9, PY = PV, .

Next, for a form f(z,¢) = frx(z,¢)dz’ A dCK, the HY (frxdz”) is a (0,|J| — 1) form. By a direct
computation and (7),

AcHY f = 0:HY (frxcdz” A ack) Z ¢k A aTkHU( frrdz”) ndck

N~ 0 N &0 (Of i
—_(_1\lJ]—1 U J k K _ (_ 1\|J]-1 U ~k
—(—1) § a{kH (fredz”) A dCE A dlK = (1) ;;:1% (ack dz’ A dCk A de )

of ik x = _ * =
—(—)MI=L ()] Z%U (d{’“ o dz’ A d(K) = —HYD(frxdz’ A dTE) = —HUD,f.
We get . HY = —HU8<. By swapping (z,U) and (¢, V) we get 9,H" = HV,. This completes the
proof of (10).

Since by assumption id” — PV = 9,HY + HY9, and idV — PV = ECHV + HVEC. Combing them
with (10) and Convention 17, we have (11). O

Proof of Theorem 18. First we note that PYXV  HYXV from (9) are always defined on C*(U x V; A%*®).
Indeed, for W € {U, V'}, a continuous linear operator T" : C°°(W) — 2'(W) can be lifted as a linear
operator TW : C°(C™) — 2'(W) via a continuous extension operator C> (W) — C°(C™). By the
Schwartz Kernel Theorem (see e.g. [Tr¢06, Theorem 51.7]) TV TV : Ce(Cr x C) = Z'(U x V)
is continuous. Clearly (TV @ TV) f)|uxv = (TV @ TV)(fluxy) for all f € C®(C"H™) we get the
continuity TV @ TV : C°(U x V) — 2'(U x V). Take TV € {PY, HY} and TV € {PV,HV} we get
the definedness.

Using (11) for every f € C®(U x V;A0*),

POV UV [+ HVIf = PUPYf+ O(HY + PUHY) f + (HY + PUHY)Of
=PUPVf+ (OHY + HYO)f + (OPVHY + PYHVO) f = PPV f+ f —PUf+PY(OHY + 1V D) f
=PUPVf+f—PUf+PUf PPV f= .
This gives the proof of (i).

For (ii), by Corollary 12 the boundedness assumption of PV, HU : Wzk’p(U; A0 — Wzk’p(U; A0-*)
and PV, HY : LE(U;A\%*) — LE(U; A%*) implies the boundedness of PV, HY : Wj’cp(U X Vi AO®) —
Wzkg?(U x V; A%*). The same argument yields the boundedness H" : W:’f(U x Vin0®) — W:?(U X
V;A%®). By (9) with compositions, we conclude that HY*V : Wzk’cp(U x V;N0®) — WZk’Cp(U x V;\0®)
is bounded.

If we further assume PV is bounded in both LIZ(V) — LE(V) and Wf’p(V) — Wf’p(V), then by
Corollary 12 PV : Wi’cp(U x V) — Wigj(U x V) is bounded as well. Taking compositions with PY,
we obtain the boundedness PY*V : Wff(U xV)— Wzk’cp(U x V'), completing the proof. O

Proof of Theorem 3. Identifying P as the operator on forms of all degrees following Convention 14
and Remark 15, we can write the homotopy formulae as f = Pf 4+ OH.f +HOf for mixed degree form
f.

The proof can be done by induction on m. The based case m = 1 follows from the assumption
(1). Suppose the case m — 1 is obtained. For the case m, take U := Q3 X +++ x Q1 C C1H = F7m—1
and V := Q,, C C™. Since the product of bounded Lipschitz domains is still bounded Lipschitz, we
see that U and V are both bounded Lipschitz domains as well. By the induction hypothesis there
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are linear operators HY = Z;”J{ e HY on C*(U; A"*) and HY = PR H) on C=(V;1%*)
(in terms of Conventions 14 and 17), such that g=PVg+0HYg+ HY0g for all g € C®(U; \>*),
h=PYh+0HVh + HYOh for all h € C®°(V; A%*), where PV = id} — HV9 and PV =id} — HY D
are skew Bergman projections on functions (in U and V respectively).

Applying Theorem 18 to such PY, HY, PV, HU we obtain the desired operators P and H® =
(Mg ™ on Q = U x V. By Theorem 18 (i) f = P9f 4+ dHf + HOOf for all f € C(Q;A"),
which gives (2).

Suppose further (3) holds, that is, for some k € Z and 1 < p < oo, PY, PV, HV, HV are all bounded
in W*P — W*P and LP — LP. By Theorem 18 (ii) the W*? and L? boundeness for PV, HY, PV HY
implies the W*P? boundedness for P* and H*. (ii) is thus proved. U

Remark 23. By expanding the induction, the formulae we have for 2 = 2 x --- x Q, are
PQ :Pﬂl PQW = F’Ql ® - ®PQm’
HQ :’Hﬂl + PQlHQQ 4o+ PQl o ,Pﬂm_l,HQm
= g% ®idQQ><--~><Qm + Pt ® e ®idQ3><~--><Qm 4o P Q- ®PQM71 ®HQm,

For a given degree (0, ¢), the precise expression of ”;'—[fl2 follows from the same deduction to Remark 20.

4. PROOF OF THEOREM 1

In this section, we check that for each factor {2; under consideration in Theorem 1, there exist linear
25\n;
operators (Hg”),24

all Sobolev spaces.

and P which satisfy the homotopy formulae and has the desired boundedness in

Proposition 24. Let  C C be a bounded Lipschitz domain. Then there is an operator Hp :
(A — Q) such that OH; = id and Hy : WEP(Q; ADY) — WHHLP(Q) is bounded for all
k€Zand 1 < p < oco. In particular P := id — H10 satisfies P : WEP(Q) — WkP(Q) for all k € Z
and 1 < p < 0o, and we have the homotopy formula f = Pf +0H f + HOf for f € .7 (Q, AD®).

Note that since there are no (0,2) forms in C!, we have H = Hy. In particular, f = Pf 4+ H,0f for
functions f € .7/(Q) and f = OH; f for (0,1) forms f € .7/(Q; AO1).

Proof. Take a bounded open set U 3 . By Lemma 9 there exists an extension operator E : ./ (Q) —
&'(U) such that £ : WkP(Q) — ch’p(U) is bounded for all k € Z and 1 < p < co. Take

Hi(gdz) := (& = Eg)|o.

Since -L is the fundamental solution to %, we get OH;(gdz) = gdz for all g € .#’(Q). The boundedness
Hy : WFP(Q; AO1) — WHFHLP(Q) is standard, from which one simultaneously obtains the boundedness
P:WkP(Q) — WFP(Q). We give a version of the proof here.

Since E : Wk»P(Q) — ch’p(U) is bounded, it suffices to show the boundedness [g > = * g] :
WEP(U) — WEHLP(Q). Since U is bounded, say U C B(0, R), we can take a x € C2°(C) such that
X|B(0,2r) = 1, which allows (% xg)la = ((x- %) * g)|a. Thus the proposition is further reduced to
showing [g — (x - =) * g] : WFP(C) — Wk+LP(C) is bounded.

Recalling that for the Fourier transform f &,n) fc z + iy)e 2 @) drdy, we see that

m(&n) = (1= A3 (x - 2) " €n) = ZvVT+an2(€ + 1) - (X * e ).

This is a bounded smooth function in RZ  such that supe, /&2 +7%[Vm(E,n)| < oo, which is in
particular a Hérmander-Mikhlin multiplier. By the Hormander-Mikhlin multiplier theorem (see e.g.
[Grald, Section 6.2.3]) [g — (I — A)%(X- L)% g]: LP(C) — LP(C) is bounded for all 1 < p < oc.
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Using the Sobolev-Bessel spaces in Definition 7 and the fact that (I — A)2 (1% g) = mx (I —A)2g,
we conclude that [g — (x - é) * g] : H¥P(C) — H*THP(C) is bounded for all s € R and 1 < p < oo.
The W*P boundedness follows from Remark 8 (i). O

Proposition 25. Let Q C C" be a bounded domain which is either C? strongly pseudoconvex or C+'
strongly C-linearly convez. There are linear operators P : #'(Q) — #'(Q) and H, : ' (Q;\"9) —
LN for 1 < g < n, such that f = Pf+ O0Hf + HOf for all f € " (Q,A"*), and P, H :
WHEP(Q; AD®) — WFP(Q; A%*) are bounded for all k € Z and 1 < p < co.

See [Va024Dh, Theorem 1.1]. In fact we have the boundedness H, : H*P(Q; A»9) — H5H1/2p(Q; \Oa1)
for 1 <g<mn—1and H, : H¥P(Q; AO") — HsTLP(Q; AO7~1) for all s € R and 1 < p < oo.

Proposition 26. Let Q C C" be a smooth convexr domain of finite type. There are linear operators P :
L'(Q) = L(Q) and Hy : ' (Q; \0) — 7 (Q; AO971) for 1 < g < n, such that f = Pf+0Hf+HOf
for all f € Z'(Q,A%®), and P,H : WEP(Q; A%*) — WFEP(Q; A®®) are bounded for all k € Z and
1 <p<oo.

The boundedness of H, was obtained in [Yao24b]. For the boundedness of P = idy — H10, we
postpone the proof to Theorem 29 in Section A. A slightly more general version of this statement
using Triebel-Lizorkin spaces can be found in the arxiv version [Yao24a, Appendix B] with a similar
argument as in the Appendix.

Theorem 1 now follows directly from Theorem 3 with Propositions 24 - 26. We include the proof
for completeness.

Proof of Theorem 1 and Corollary 2. Since on each 2; we have (1) and (3) forallk € Zand 1 < p < oo
by Propositions 24 - 26, we obtain the linear operators P and H as defined in Theorem 3, which
satisfy (2), and are bounded on W*P for all k € Z and 1 < p < co. Because C*(Q) is dense in
WHFP(Q) (see e.g. [Yao24b, Lemma A.14] for k < 0), the homotopy formulae uniquely extends to all
f e WkP(Q;A\0®) for k <0 and 1 < p < co. By Remark 6 (ii) again the homotopy formula (2) holds
for all f € ./ (£2; A%*). This proves Theorem 1. Corollary 2 is a direct consequence of Theorem 1. [J

Remark 27. If one only focuses on optimal W*? estimates for k > 0, we can also allow €2 in Theorem 1
to be a smooth pseudoconvex domain of finite type in C?, or other pseudoconvex domains where the
canonical solution operators H, := E*Nq and the Bergman projection P :=idg — 8" N, are bounded
in WP, See e.g. [(NS92, Corollaries 7.5 and 7.6].

However if one further looks for W*? estimates for small enough k < 0, the canonical solutions will
not work. This is due to the ill-posedness of the 9-Neumann problem on space of distributions. See
[Yao24b, Lemma A.32].

Remark 28 (Near optimal Holder estimates). If we use (9) for the Holder spaces, then we have end
point optimal Hélder estimates H : CF(Q; A0*) — CF2=(Q; A%®) for all k > 0 and 0 < a < 1. This
can be done by Sobolev embeddings as follows.

Indeed, for every ¢ > 0 by taking n/e < p < 0o, we have continuous embeddings C*(Q) —
HEFoP(Q) < OCF2~5(Q), see e.g. [Tri06, Remark 1.96 and Theorem 1.122]. From Remark 8 (ii
we obtain the boundedness P? H? : HFFoP(Q; A0®) — HFer(Q;A%). Thus CF(Q; %) —
CFa=2(Q; A¥*) is bounded. Letting ¢ — 07 we get the end point optimal Holder bounds.

APPENDIX A. SKEW BERGMAN PROJECTION ON CONVEX DOMAINS OF FINITE TYPE

In this section we briefly review the construction of homotopy formulae on convex domains of finite
type from [Yao24a] and complete the proof to Proposition 26.

Theorem 29. Let 2 C C™ be a smooth convex domain of finite type. For the homotopy operators
Hy: (5 A%) — Z(Q; 97 for g =1,...,n given in [Yao24a, Theorem 1.1], let Pf := f—H10f
for f € Z(Q). Then P : H>P(Q) — H*P(Q) is bounded for all s € R and 1 < p < oo. In particular
P WkP(Q) — WEP(Q) is bounded for k € Z and 1 < p < oo.
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Here for a convex domain we can use affine line type [Yao24a, Definition 3.1] to define the type
condition. See e.g. [McN92, BS92] for more discussions.

We briefly review the construction. Let o : C" — R be a defining function of 2, which is a smooth
function such that Vo(z) # 0 for all ¢ € bQ and Q = {¢{ € C™: o(¢) # 0}. We can assume that there
is a 71 > 0 such that for all |t| < T} the sublevel set €, := {p < t} are all scaled copies of 2, which in
particular have the same finite type as (2.

Denote Uy = {¢ : =11 < 0(¢) < T1}. For each ¢ € Uy, we have orthogonal decomposition of the
(0,1) cotangent space C" = TC*O’IC" = (Spang 90(¢)) @ Tgo’l(bQQ(C)). This leads to an orthogonal
decomposition f = fT + f* for (0,q) forms f(¢) = >_; f1(2)0¢! defined in Uy:

e f* is in the ideal generated by Jg, i.e. tzf+ = 0 for every (0, 1)-vector fields Z = P

such that Zp = 0.

e [T is a section of HC /\qT*Ol(bQ 0(¢))s 1e. ) fT =0, where 2 5% = = 00|~ 22] 1 595 a‘z
J

See [Yao24a, Definition 2.6 and Remark 2.8] for detalls. For a bidegree form K (z,() in variables z and
¢, we use K (2,¢) and K+(z,() for the projections with respect to (-variable but not to z-variable.
For ¢ € U; we also define the so-called e-minimal ellipsoid (associated to p):

(12) Pg(C):{C—FZajvj:al,.. ,an € C, Z |a]| }
=1 77

where (v1,...,v,) is a unitary basis called e-minimal basis at ¢ and 71((,e) < -+ < 7,(C,e) are
the side lengths. See [Yao24a, Definition 3.2] and [Hef02, Definition 2.6]. Roughly speaking 7;((, €)
is the minimum number such that there is a unit vector v; satisfying v; L Spanc(vi,...,vj—1) and
o(C + 7j(¢,€) - vj) = o(¢) +¢e. This was first constructed by Yu in [Yu92] that based on the work
[Scha1].

Recall from [Yao24a, Lemma 3.3 and Remark 3.4] that the following estimates hold: there is a
Co > 1 and ¢ > 0 such that

(13) For every 0 < e < gg and P-({) C Uy, if z € P-((¢) then ¢ € Poye(2);

(14) Cy'le < 11(¢,€) < Coe and 7,(¢, €) < Coel/™, where m is the type of Q.

See also [Hef02, Section 2] for more details. We shall need the following estimates:

Proposition 30 ([Yao24a, Lemma 3.9]). Let Q, o, P-(¢), 7j(¢,€) and ¢ be defined as above. There
is a neighborhood U of Q and a smooth (1,0) form Q( Q) = Z _1Qj(2,¢)d¢; defined for z € Q and
¢ € U\, such that:
(i) @ is a Leray form, i.e. @ s holomorphic in z, and ]@(z,()\ #0 for all z € Q and ¢ € U\Q.
(i) Denote g(z, Q) =>7, @l(z, C)(¢ — z1). For every k > 0 there is a C, > 0 such that for every
0<j<n—1,0<e<e, ¢cU\Q and z € QN P(O)\P:2(¢),

QA (@Q)\T Cre 'k QA (9Q)\* Cre > 711 (Ce)
“Tn) & >FW7 ‘ () <Z’<)’§ VEETEa

Here D* = {0 BC 8<}|a+5+7|<k 18 the collection of differential operators acting on the components of

J 8@

(15) ’D’;C(

the forms.

Here in the reference [Yao24a, Lemma 3.9] the second term in (15) is stated for (Q/X@Q)j)(z,().

Nevertheless using (%)L = (Q%ﬁ?y) — (Q%(],??)])T and (14) we get the same estimate (with
some larger C},) for (%ﬁ)j)l(z,g).

This Leray map was constructed by Diederich and Fornsess [DIF'99]. Note that in the original
construction [DF99] the support function S(z,() may have zeros when |z — (| is large. In [Yao24a,
Lemma 2.2] we took a standard modification to avoid the issue.
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Now we can recall the homotopy operators (Hq)y_; in [Yao24a], which takes the following form:
06) Hof()= [ Bale)nEf+ [ Koz nBES, fe (@), 1<asn

Here U is the bounded neighborhood of Q determined in Proposition 30. & : /() — &' (U) is
Rychkov’s extension operator [Ryc99], acting on the components of the forms, see [Yao24b, (4.6) and
(4.14)] for the precise formula.

n—1
bA 8b b/\Q abnlk/\(aQ
BLEAL o A B,, K(z,¢) =

T Z v - Sk,
(2mi)™ z\ — ¢[2=R)(Q - ( =0
where b = Z;T;I(gj —%;)d¢?. B is the Bochner-Martinelli form, with B, the component of degree (0, q)

in z and (n,n —q—1) in {. K is the Leray-Koppelman form associated to @(Z, ¢) in Proposition 30,
where K|, is the component of degree (0, ¢) in z and (n,n — ¢ — 2) in (.

B(Z7 C) =

Denote by
(17) F(2,¢) := B(2,() = 0:¢K(2,(), 2€Q, (eU\Q,
the Cauchy-Fantappié form. Recall from [CSO1, Lemma 11.1.1] we have
oo QA Q.0 0 GO0

7 2mi)rS(z, O 2m)™(Q(z,¢) - (¢ —2))"

Note that F is a bi-degree (n,n — 1) form, with degree (0,0) in z and (n,n — 1) in (. We write the
decomposition F = F'T 4 F* in (-variable as defined from above (see [Ya024a, Convention 2.7)).

, 2€Q, Ceu\Q.

Proposition 31. Assume Q) is convexr and has finite type m. Let §(w) := dist(w, b2). Then for any
s€R and k € Zy such that 0 < s < k — 1, there is a constant C' = C(Q,U,Q, k,s) > 0 such that

(18) / I, QVoI(Q) £ Oy, Ve e
(19) [ BEIDEFT) e OlaVel:) < C(0) V¢ €U\
(20) 2 IDE(F )z Ol Vol(() < Co(z)*tmt, vz e
(21) /5 SIDE (F1)(2,0)|d Vol(z) < C8(¢)*m*, V¢ € U\Q.

As a result if we define for every o € Ng"c—

fa’Tg(z) = 7D?(FT)(27 )/\97 ]:a’J_g(Z) = 7Dg(FL)(27')/\ga gELl(u\ﬁ;/\O,l)7
U\Q U\Q
then in terms of Definition 7, for every s >0 and 1 < p < oo,
(22) Fol o HoP@\Q; AOY) — Feti-lele() Fol s Eor @\, A1) o BV lelr(q)
are bounded.

Proof. Notice that for 0 < ¢ < g9 and ¢ € U\Q by (12) we have |[P:(Q)\P./2(0)] < |P:(¢)] <
[Ti2, (¢, €)% Similarly |Po(2)\P-ja(2)] < [Tj2; mi(z,€)? for —ep < o(2) < 0 as well.
According to Proposition 30, (15) holds for 0 < ¢ < &g, ¢ € U\Q and z € QN P-(¢ N\P:(¢). B

(13), for a possibly larger C; > 0, one also has (15) holds for 0 < € < g9, —gg < o(2) < 0 an d
C e P(\(P:(2) N D).
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Now take j =n —1in (15), for every z € Q and ¢ € U\, we see that

e DT, Ol Vollw) + D (FT)(2,w)|d Vol(w) < Cre'™*;
QNP=(O)\Ps5 (€) =(2)\(Pg (2)UQ)

(24) / |DF(FL)(w, ¢)|d Vol(w) + / |DF(FL) (2, w)|d Vol(w) < Crem .
QNP:(O)\Pg (0) P:(2)\(Pg ()U9)

To prove (18), we note that 0 < s < k—1, and F' is bounded and smooth uniformly either for z €
with §(z) > eo, or for ¢ € U\ (P, (2) UQ). Thus it suffices to show [, N\ §(¢)*|D*FT(2,¢)|d Vols S
€0

5(2)5+1:]‘3, Vé(z) < eo. Let J € Z be the unique number such that 277y < o(2) < 2'77eg. Then
P, (2)\Q2 C UJJ:1P2173‘€0(2)\(P273'€0 (2) UQ). Applying (23) we get (18):

J
/ (¢’ IDFFT(2,¢)d Vole Si Z/ (277e0)*|D"F " (2,¢)|d Vol
PE()(Z)\Q j=1 Pgl—]'go(z)\(PQ—jEO(Z)UQ)
(25) ;
Sk 2(2—j60)5<2—j€0)1—k 560 9—J(s+1-k) ~ 5(z)s+1—k.
j=1

By swapping z and (, the same argument yields (19). Replacing (23) by (24), the same computation
as in (25) yields (20) and (21).

The boundedness for F* ' is a direct consequence from [Yao24h, Corollary A.28] with (18) and
(19), similarly that of F®* follows from (20) and (21). The proof uses Hardy’s distance inequality
(see [Yao21a, Proposition 5.3]). O

Proposition 32. Let Q ¢ C" be a bounded smooth domain and U D Q be a bounded smooth neigh-
borhood. Let € be Rychkov’s extension operator in [Yao24a, (4.14)].

(i) For every k > 1 there are linear operators (S¥®) 4 <x : '(C") — #(C") (here o € N*") such
that S* : HP(U\Q) — H*P(U\Q) is bounded and g = 2 lal<k DSk for all suppg C
U\Q. N

i) The map [f — ([0,E]f)"] : H¥P(Q) — H*=P(U\Q) is bounded for all s € R, ¢ > 0 and

(i)

1 <p<oo.

See [SY?24a, Proposition 1.7] for (i) and [Yao24a, Corollary 5.5 (iii)] for (ii).

Proof of Theorem 29. Since B — F = 5Z,CK by (17), by separating the degrees we see that F =

By — 0¢ K. For the same extension operator £ in (16) we have (see e.g. [Gonl9, Proposition 2.1]), for
fes(Q),

PIG) =1(2) — i () = €1(2) — [ Bo(e) AEDS — [ Kol AB.ES
u U\Q
:/ 5CBO(Z)') /\gf_ / BO(Z¢ ) /\ggf_‘_ 730(27') N [578]f+ 7K0(Z7 ) /\5[5,5]]"
u u U\Q U\Q

= BO(Za ) A [5? g]f - 5CK—O('za ) A [57 S]f = /u\ F(za ) A [57 S]f

Uu\Q U\Q Q

Fix s€ R and 1 < p < oo. It suffices to show P : H>P(Q2) — H*P(Q) is bounded.
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Take k € Z4 such that £k > 1 —s. By the T, L decomposition, Proposition 32 (i) and integration
by parts we have

Pi(z) = /M STEINBED AT

— TZ- ack,af(rg 1 Lz. ack,af(rg T
—Z/U\QF (z,) A DS*[([B,E11)*] + FL(z,-) A DOSH[([B,€]1)7]

<k
=2 (D) DEEE) A8 (@) ]+ DEE(E ) A8 [(.£1)T)
la|<k
_ Z |o<| (]_-a TSk a[a 5] + ]_-oc,TSk,oc[g’ 5]T>[f]
<k

Here we use [0, )T f .= ([9,£]£)(T).

Note that by Proposition 32 (i) [8,&]T : H*?(Q) — H*~Y/™?(1}) is bounded. On the other hand,
since [0,€] : H*P(Q) — H*P(U\Q) is clearly bounded and [3, &)L = [9,&] — [0,€]T, we have the
boundedness [3, E]L : HSP(Q) — H*1?({\Q). Making use of those, together with the boundedness
for S¥ in Proposition 32 (i), as well as for FT and F* in (22), we apply the following composition
arguments: for every |a| < k

fa,TSk,a[57 S]L :Hs’p( ) [0.£]+ Hs 1’p(U\Q) Hs 1+k,p(u\Q) Hs,p(Q)
Fotshar@,e)” pee(e) L ge-iimegng) S5 geimkagra) 25 gor(q),
Taking sums over o we complete the proof. O

Acknowledgment. The authors would like to thank Song-Ying Li for some helpful discussion.
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